Exchange rates and option prices incorporate market participants' views about the credibility and the effects of exchange rate targets. I present a model to determine exchange rates under policy targets that can be used to price options. The model is estimated with Euro-Swiss Franc exchange rate and options price data. In the first few months of the minimum exchange rate policy, the implied survival probability of the policy for a three month horizon was typically less than 75%. Over time, the credibility increased and this probability reached 95% in August 2014. The analysis also implies that during the second quarter of 2012, when reserve accumulation was high, the exchange rate without the policy would have been as low as about 1 Swiss franc per euro.
Introduction
From September 2011 to January 2015 the Swiss central bank's official policy has been to maintain a minimum exchange rate at CHF 1.20 per euro. To achieve this objective, the central bank had stated that it would be willing to buy foreign currency in unlimited quantities (SNB, 2011) . This commitment and the sustainability of this policy had been questioned right from the beginning. Under such a policy, a lack of credibility to carry through with defending the floor invites capital inflows and requires the central bank to buy large quantities of foreign currency which could ultimately make the policy very expensive. Therefore, it is important to be able to precisely assess the views of financial markets participants about the policy and in particular its credibility Financial prices can be used to learn about the implied risk-neutral probability that the EURCHF will move below the official floor of 1.20. For instance, a put option with a strike price of 1.20 or lower with a positive price requires that financial markets assign positive probability that the policy will not persist until the maturity of the option. If exchange rates are lognormally distributed, then one can use the standard Black-Scholes option pricing model to measure the implied risk-neutral probability for any range of the exchange rate.
However, given the floor introduced by the policy, lognormality is a poor assumption for the exchange rate distribution in this case. Moreover, standard option pricing models that take the exchange rate as exogenous have nothing to say about how the policy affects the exchange rate.
In this paper, I present a model where the fundamental exchange rate (the "shadow" exchange rate in the absence of the policy floor) follows a process with given risk-neutral probabilities. It is assumed that there is uncertainty about whether the policy floor will be in place next period. If the policy ends, the observed exchange rate is assumed to equal the fundamental exchange rate. In this setting, the dynamics of the observed exchange rate are derived based on no-arbitrage principles, and the exchange rate equals a function of the current fundamental exchange rate, its risk neutral probabilities, and the continuation probability of the policy.
This model is used to price put and call options on the exchange rate. The model is fitted to data on EURCHF spot and options prices and it produces estimates for the market implied probabilities of the floor being violated as well as for what the exchange rate would have been without the policy. I find that during the first few months of the minimum exchange rate policy, markets typically attached a probability of less than 75% to the policy being in place three months later. Over time, the credibility increased and reached 95% in August 2014. The analysis also implies that during 2012 Q2 and Q3, when reserve accumulation was high, the exchange rate without the policy would have been as low as about 1 Swiss franc per euro. The model can also shed light on specific episodes. For instance, it is shown how it could be used to successfully forecast the outcome of the popular vote on the Swiss Gold Initiative in the fall 2014. This paper is related to the large literature on exchange rate target-zones initially developed for the European Exchange Rate Mechanism prior to the birth of the euro. Krugman (1991) presents a model that characterizes exchange rate behavior with a target zone. Bertola and Caballero (1992) and Bertola and Svensson (1993) extend the model to allow for realignment risk, that is, uncertainty about whether the target will be maintained. Dumas et al.
(1995) explicitly link a target zone model to option prices and present numerical characterizations for option prices with realignment risk. Campa and Chang (1996) study target zone credibility with currency options data by using select no-arbitrage relations, but without a fully specified model for the exchange rate. Malz (1996) estimates risk-neutral probabilities of realignment, that is, exchange rates outside the target-zone, with an option pricing model where the exchange rate follows a jump-diffusion process. More recent papers with related approaches are Söderlind (2000) and Hui and Lo (2009) . In these three studies, unlike in target zone models, exchange rates are taken as exogenous and no attempt is made to derive exchange rate dynamics from the exchange rate policy and fundamentals in an internally consistent way.
Like in a traditional target zone model, I derive the exchange rate endogenously. In my model, the exchange rate is derived based on a no-arbitrage condition. Traditional target zone models (Krugman (1992) , or Dumas et al (1995) ) assume the logarithm of the exchange rate depends on the expected logarithm of the future exchange rate; this is usually motivated as an approximation to uncovered interest parity. Uncovered interest parity has been conclusively rejected by a large number of empirical studies (Engel (1996) 2 Exchange rate dynamics under minimum exchange rate policy I start by describing the model for the exchange rate, and then use it to price European style options contingent on this exchange rate.
Consider a process for   , the fundamental value of the exchange rate CHF per EUR in the absence of the price support policy for the euro. This process is assumed to be exogenously given, it is arbitrage-free, and in discrete-time. As the model is mainly used to price derivatives, we directly assume risk-neutral probabilities.
For the next period,  + 1, there are two possible regimes: price support and no support,  +1 = 1 and  +1 = 0, respectively. In the price support regime, the central bank is assumed to guarantee a minimum value of  Swiss francs for one euro. It is assumed that initially the minimum rate policy is in place,   = 1, and that once that policy stops, it will not be restarted.
Under these assumptions, no-arbitrage implies that the equilibrium exchange rate
with    the expectation under the risk-neutral distribution,   the (risk-neutral) probability of the continuation of the policy ( +1 = 1), and  *  and   the per period interest rates for 5 the euro and Swiss franc, respectively. The observed exchange rate is given by
Intuitively, the equilibrium exchange rate represents the expected value over the two regimes of next period's exchange rate, discounted by the numeraire interest rate   , and augmented by the interest rate on the euro  *  . The time  equilibrium exchange rate  can possibly be below the policy floor . In that case, it is assumed that the central bank can intervene in the current spot market to guarantee that the observed exchange rate equals , that is, the observed exchange rate satisfies (2) . The distinction between the equilibrium exchange ratẽ   and the observed exchange rate   allows the model to produce a well-defined exchange rate based on the no-arbitrage equation (1), while at the same time allowing for the peg to be enforced in the current period.
The minimum rate policy can be viewed as introducing an option-like payoff profile into the exchange rate. Hanke at al. (2014) propose such an interpretation, where the exchange rate policy is viewed as a put to sell euro for  Swiss francs. Given put-call parity, this is equivalent to a call, as equation (1) suggests. As a substantive difference from their approach, the exchange rate in my model takes into account the uncertainty about whether the policy will be discontinued. This is captured by (1 −   ), the probability that the policy will be discontinued next period. Hanke et al. (2014) assume that the policy has a known maturity date.
1
Options on the exchange rate are easily priced. For instance, for the case of a constant continuation probability, a European style put on the observed spot rate with strike   and maturity   is priced at
If the market view is that the exchange rate floor will be in place with probability 1 for the time covering the maturity of the option, then  +  = 1, and
In this case, as seen in equation (4), a put with a strike below the floor,    , will have a market price of zero. Option prices in general are informative about the market's implied probability of the persistence of the policy. As suggested by equation (4), put options with strike prices below the minimum exchange rate are particularly useful in this regard.
Empirical approach
The fundamental exchange rate,   , is assumed to follow a recombining binomial tree, with the standard assumptions that per period up and down moves are given by
and the risk-neutral probability of an up move equals
with  the standard deviation of the log of the growth of the fundamental exchange rate.
For tractability, I impose upper and lower bounds on   , so that   takes a finite number 7 of values. The bounds are set far enough from the typical range of the exchange rate so as not to affect current exchange rates and option prices with finite maturity. The equilibrium exchange rate can be computed as the fixed point of the operator
where  is the constant continuation probability. It can easily be checked that Blackwell's sufficient conditions for a contraction mapping are satisfied for 
Data and implementation
Data for options and spot EURCHF are from Reuters covering the entire period of the policy floor, 9/7/2011 to 1/14/2015, for a total of 848 observations. I use daily mid-point close implied volatility quotes for at-the-money options, ATM, risk reversals, RR, and butterfly spreads, BY, with a maturity of 3 months. The RR and BY quotes are available for strike prices corresponding to 25% and 10% delta, 25∆ and 10∆, so that out-of-the-money puts and calls with these two strike prices can be obtained without interpolation. For 25∆ calls and puts, for instance, implied volatilities are computed as
This is the standard approach for deriving the volatility surface for foreign exchange options, for details see Bisesti et al. (2005) . Following the quoting convention of the OTC options markets, the Black-Scholes model is then used to compute the prices and strike prices corresponding to 25∆ and 10∆ options. Interest rates are daily LIBOR rates for euro and Swiss franc for three month maturity. Based on this data, there are four option price series, two for puts and two for calls.
As shown in Table 1 , the 10∆ put options have an average strike of 1164 CHF per EUR.
Given that our main interest is in the implied probabilities of exchange rate realizations below the 1.20 floor, it is useful that our data includes put options with strike prices that 9 are typically below this floor.
The length of a period in my model is set to one half of a week, precisely 1/104 of a year.
With this, so far as options with a three month maturity are concerned, the model without the policy floor is essentially equivalent to the lognormal Black-Scholes model.
Results
This section describes the empirical results and their robustness, specifically to allowing for a more general specification of the policy's survival probability. This section also documents 2015, financial markets were mostly surprised by the end of the policy (Bosley, 2015) . The president of the Swiss central bank noted at that occasion that "if you decide to exit such a policy, you have to take the market by surprise". (Baghdjian, 2015) .
As shown in the first panel of Figure 1 , the gap between the observed and the estimated fundamental exchange rates,   and   , is seen to fluctuate considerably during the first year of the policy. During the second quarter of 2012, the fundamental exchange rate is at its lowest level, dropping to around 1 Swiss franc per euro. After late 2012, the fundamental rate is usually close to 1.20 and its distance from the observed spot rate is relatively stable, before widening during the last two months of the policy regime.
The implied volatility of the fundamental exchange rate shown in the third panel displays a steady downward trend with a reversal in the last few months of the policy. The downward trend in the estimated implied volatility for the fundamental rate seems comforting given the similar trend in the measured implied volatilities for EURCHF. Estimates show little sensitivity to changes in the weights of the objective function, yearly option maturities produce somewhat different estimates, see the separate appendix for more details. Figure 1 suggests some negative comovements between  and  , particularly for the period 2014 Q2 and Q3. It might therefore be too restrictive to assume a constant survival probability . This assumption can be relaxed by assuming that
with  (  ) =  (  ;    ). The parameter  can capture a smooth monotonic relation between  and  . It is convenient that  () is bounded, given that the probability  is bounded itself between 0 and 1. The model is used to estimate values for (     ).   is fixed at 04, alternative values do not significantly affect results. This specification increases the computational burden, but remains tractable.
Over the entire sample period, the average of the estimated  coefficients is = −015, 
Swiss Gold Initiative
The Based on this, assume that the probability of survival of the policy is 0 following a positive vote for the initiative, and 1 following a negative vote. In this case, the probability of a No vote equals the survival probability of the exchange rate policy. 2 As shown in Figure 2 , the continuation probability declined from over 095 early August to around 075 in mid October. As indicated in the figure, on October 24 a poll from the gfs.bern institute showed a small advantage for the positive vote on the initiative, while the same institute released a second poll where the No votes had the majority on November 19 (gfs.bern, 2014). To the extent that the polls where measuring a change in public opinion about the initiative, the continuation probability of the exchange rate policy mimics this change, as the continuation probability had increased to about 09 in the later part of November. The vote was ultimately rejected on November 30, consistent with a very high continuation probability of the policy. Estimating  only requires current quotes for options and the exchange rate. As such, estimates made in real time were identical to the ones reported in Figure 2 .
Conclusion
My analysis shows that financial markets had initially significant doubts about whether the minimum EURCHF floor would survive for very long. However, over time, the credibility of The model is estimated daily. Observed EURCHF annualized volatility represents the average of the implied volatilities over the four types of options used.
